Abstract. We establish coupled fixed point theorems for contraction involving rational expressions in partially ordered metric spaces.
Introduction and preliminaries
A number of generalizations of the well-known Banach contraction theorem [2] were obtained in various directions. Most of these deal with the generalizations of the contractive condition (see [3, 5, 6, 7, 8, 9, 10, 11, 12, 14, 15, 18, 20, 21, 22] and others). Recently, Bhaskar and Lakshmikantham [4] , Nieto and Lopez [16, 17] , Ran and Reurings [19] and Agarwal, El-Gebeily and O'Regan [1] presented some new results for contractions in partially ordered metric spaces.
In [4] , Bhaskar and Lakshmikantham introduced the notion of a coupled fixed point and proved some coupled fixed point theorems for mappings satisfying a mixed monotone property. They discussed the problems of a uniqueness of a coupled fixed point and applied their theorems to problems of the existence and uniqueness of solution for a periodic boundary value problem. Lakshmikantham andĆirić [13] introduced the concept of a mixed g-monotone mapping and proved coupled coincidence and coupled common fixed point theorems that extend theorems due to Bhaskar and Lakshmikantham [4] .
In this paper, we derive new coupled fixed point theorems in partially ordered metric space for mappings satisfying a mixed monotone property and a contractive condition involving rational expression. Our obtained results generalize theorems due to Bhaskar and Lakshmikantham [4] .
Before presenting the main results of the paper, we start by recalling some definitions introduced in [4] . Definition 1. Let (X, ≤) be a partially ordered set and F : X × X → X. We say that F has the mixed monotone property if for any x, y ∈ X,
This definition coincides with the notion of a mixed monotone function on R 2 and ≤ represents the usual total order in R.
Definition 2.
We call an element (x, y) ∈ X × X a coupled fixed point of the mapping F : X × X → X if F (x, y) = x and F (y, x) = y.
Let (X, ≤) be a partially ordered set. Further, we endow the product space X × X with the following partial order:
2. Coupled fixed point theorems 2.1. Existence of a coupled fixed point. We start by the following result. Theorem 1. Let (X, ≤) be a partially ordered set and d be a metric on X such that (X, d) is a complete metric space. Let F : X × X → X be a continuous mapping having the mixed monotone property on X. For all (x, y), (u, v) ∈ X ×X, we denote by M ((x, y), (u, v)) the quantity:
Assume that there exists α, β > 0 with α + β < 1 such that
for all (x, y), (u, v) ∈ X × X with x ≥ u and y ≤ v. We assume that there exists
Then, F has a coupled fixed point (x, y) ∈ X × X.
Proof. Since x 0 ≤ F (x 0 , y 0 ) = x 1 (say) and y 0 ≥ F (y 0 , x 0 ) = y 1 (say), letting x 2 = F (x 1 , y 1 ) and y 2 = F (y 1 , x 1 ). We denote:
Due to the mixed property of F , we have:
We check easily that
Indeed, for n = 1, using x 1 ≥ x 0 , y 1 ≤ y 0 and (2.1), we get:
This implies that
Similarly,
which implies that
Now, assume that (2.3) and (2.4) hold. Using x n+1 ≥ x n and y n+1 ≤ y n , we get
Similarly, one can show that Finally, we claim that (x, y) is a coupled fixed point of F . In fact, we have:
From (2.5) and the continuity of F , we get immediately that
and lim
which implies that F (y, x) = y. This makes end to the proof.
As in [4] , Theorem 1 is also valid if we replace the continuity hypothesis of F by an additional property satisfied by the metric space X. This is the aim of the following theorem.
Theorem 2. Let (X, ≤) be a partially ordered set and d be a metric on X such that (X, d) is a complete metric space. Assume that X has the following property:
(i) if a nondecreasing sequence {x n } in X converges to x ∈ X, then x n ≤ x for all n,
(ii) if a nonincreasing sequence {y n } in X converges to y ∈ X, then y n ≥ y for all n.
Let F : X × X → X be a mapping having the mixed monotone property on X.
for all (x, y), (u, v) ∈ X × X with x ≥ u and y ≤ v. We assume that there exists x 0 , y 0 ∈ X such that
Proof. Following the proof of Theorem 1, we only have to show that (x, y) is a coupled fixed point of F . We have:
Since the nondecreasing sequence {x n } converges to x and the nonincreasing sequence {y n } converges to y, by (i)-(ii), we have:
x ≥ x n and y ≤ y n , ∀ n. Now, from the contraction condition, we have:
Then, from (2.6), we get:
From the contraction condition, we get:
Then, from (2.7), we get: F (y, x) ) as n → +∞.
This implies that
( (F (y, x) , y) = 0, i.e., F (y, x) = y. This makes end to the proof.
2.2.
Uniqueness of the coupled fixed point.
Adding (2.8) to the hypotheses of Theorem 1, we obtain the uniqueness of the coupled fixed point of F .
Proof. Suppose that (x * , y * ) is another coupled fixed point of F , i.e.,
Let us prove that
where lim n→+∞ F n (x 0 , y 0 ) = x and lim n→+∞ F n (y 0 , x 0 ) = y.
We deduce that in all cases (2.9) holds. This implies that (x, y) = (x * , y * ) and the uniqueness of the coupled fixed point of F is proved.
2.3.
Equality between the components of the coupled fixed point. If x 0 , y 0 in X are comparable, we have the following result. Proof. Suppose that x 0 ≤ y 0 . We claim that (2.10)
x n ≤ y n , ∀ n ∈ N.
From the mixed monotone property of F , we have:
Assume that x n ≤ y n for some n. Now,
Hence, (2.10) holds. Now, using (2.10) and the contraction condition, we get: Since 0 < β < 1, this implies that d(x, y) = 0, i.e., x = y. This makes end to the proof.
Remark. If we put:
f (x) = F (x, x), ∀ x ∈ X, for x = y =x and u = v =ŷ, the contraction (2.1) implies:
d(f (x), f (ŷ)) ≤ αd(ŷ, f (ŷ)) 1 + d(x, f (x)) 1 + d(x,ŷ) + βd(x,ŷ),
and we retrieve the contraction of Dass and Gupta [5] . 
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